Hamilton's condition for the evolution of altruism by kin selection is rederived on an additive polygenic model. The approach uses intraclass correlation. It is then shown that the mean inclusive fitness is non-decreasing. The differences between and the relative efficacy of kin and group selection are discussed.
INTRODUCTION HAMILTON (1964) generalized
and Haldane's (1955) seminal argument to show heuristically that altruism between same-generation kin would evolve if the following approximate inequality were satisfied: br>c.
( 1) Here, r is the correlation between the additive genotypic values of the interacting kin as evaluated from the pedigree. In Hamilton's model of benefit dispensation, an altruist suffers a cost in fitness c while donating a total benefit b, which is distributed evenly among the recipients. A recipient experiences its share of the benefit as an increment to its fitness; the total benefit to a recipient is the sum of increments received from all sources. Inequality (1) was first proposed to hold in a random mating population with discrete non-overlapping generations (Hamilton, 1964) , and then extended to accommodate inbreeding (Hamilton, 1971 (Hamilton, , 1972 . For symmetrical relationships, which we alone consider in this paper, r is equal to 2f/(1 +fo), where fo is the inbreeding coefficient, and fi is the coefficient of consanguinity of the interacting kin (Wright, 1922) . Based on an one-locus two-allele genetic model, Michod (1979) and Aoki (1981) have shown that (1) is valid under arbitrary dominance when mating is random, whereas it holds only for additively acting alleles when there is inbreeding.
Although it is widely believed that most behavioural traits are multifactonal, most analyses of the evolution of altruism have been monogenic. Notable exceptions are the kin selection model of Yokoyama and Felsenstein (1978) and the group selection models of Crow and Aoki (1982) and Aoki (1982) . It is the purpose of this note to show that Hamilton's inequality (1) can be straightforwardly derived on an additive polygenic model. The finiteness of the number of interacting kin is explicitly considered and shown not to affect the result. The formulation is mathematically quite similar to the group selection model of Crow and Aoki (1982) . However, there are important differences to be mentioned below, which confirm the difference between kin and group selection. With this formulation, it is also possible to provide a simple proof of the proposition that the mean inclusive fitness is non-decreasing (Hamilton, 1964) .
DERIVATION
Let C be the value of a quantitative behavioural trait in diploid organisms, such as the propensity to perform altruism or the intensity of altruism
performed. An individual with character value C is assumed to suffer a cost in fitness cC and to dispense benefit bC according to Hamilton's model of benefit dispensation. We view the altruistic interactions as affecting survival or fertility. The trait is assumed to be determined by a number of genes and by the environment. The genes are assumed to act additively within and between loci, and the environment is assumed not to interact or be correlated with the genotype.
Altruistic interactions are assumed to occur within temporary associations of kin which are formed after birth and prior to reproduction, and which, for want of a better term, we will henceforth call kin groups. (A kin group corresponds to "trait group" of Wilson (1975) .) An important example of a kin group is a group of siblings. Within an arbitrary kin group s, let the mean and the genetic variance of C be C. and V, respectively. We assume that the environmental component has zero mean deviation within each kin group. Then the environment can be safely ignored in all subsequent arguments; we will use C interchangeably to mean the genotypic value or the phenotypic value depending on the context. Let P. be the proportion of all individuals that belong to kin group s. We assume a large number of kin groups.
-
The change in the population mean C of the trait value under selection is given by, e=p:
. (2) where we use the discrete time formulation and a prime indicates the values after selection. When selection is on viability differences, the meaning of (2) is straightforward. When selection is on fertility differences, P and C can be interpreted as the proportion and twice the mean value of gametes contributed by kin group s to the next generation. In either case, the additivity assumption on gene action ensures that there is no change in C due to the reshuffling of genes at reproduction. Thus (2) gives the change per generation in C.
When altruistic interactions involve only members of one sex, the magnitude of tC is reduced by as much as depending on the level of inbreeding. Its sign, however, remains unaffected.
The first term on the right hand side of (2) represents the change in C due to within kin group selection, while the second term represents the effect of between kin group selection. Such an approach in which the effect of selection is divided into a within group component and a between group component has been previously used by Price (1970 , 1972 ), Hamilton (1975 , Wade (1980) , Crow and Aoki (1982) , and Aoki (1982) .
For any kin group s, we can modify the continuous time derivation of Crow and Nagylaki (1976) (see also Robertson, 1966 ) to obtain AO. =2pyw/1". (3) ki where p is the frequency, y is the average effect on trait value, and w is the average excess in fitness of the ith allele at the kth locus contributing to the trait; and W, is the mean Wrightian fitness of kin group s. The numerator of the term on the right hand side can be interpreted as a covariance, although this interpretation will not prove to be useful in this paper.
To obtain an explicit form for (3), we assume for notational brevity that the trait is determined by two loci, but the result is readily generalizable to an arbitrary number of loci. Let A stand for the ith allele at the kth locus. The genotypic trait value of genotype whose ordered frequency (Nagylaki, 1977) we denote by PIJkl,5, can be decomposed as
CJkl=C+yI +y,s +Yks +71s.
The fitness of this genotype, as measured from an arbitrary standard W0 is WI/k,. = W0+b5 -CC1Jk1.
It is assumed for now that kin group size is large enough that factors involving its reciprocal can be ignored. After some straightforward manipulation, it can be shown that the mean fitness of kin group s is The sum on the right-hand side of (7) is the genetic variance of kin group s. Thus = -cV/W. From elementary considerations, it can be seen that (9) where W=P,W,.
Substituting (6), (8), and (9) into (2), we obtain On rearranging (11) and substituting (12) therein, we have W.C=V(bt-c). (13) Thus the condition for the mean trait value C to increase is t>c/b. (14) We note that (13) and hence (14) hold exactly regardless of any assumptions on linkage, linkage disequilibrium, or inbreeding, and under the action of selection.
If we take the finiteness of kin group size into explicit consideration and assume that each kin group has the same size N at conception, then (5) should be replaced by WjjkI,s = w0 + -(N1 + CIk, (15) since according to Hamilton's model an altruist does not dispense benefit to itself. The condition for C to increase becomes N-i (t_)>c/b. (16) Recall that t has been defined as an intraclass correlation. It is straightforward to show that the left hand side of (16) is the corresponding product moment correlation between two randomly chosen individuals both from the same kin group. The two types of correlation need not be distinguished if kin group size is infinite. However, as (16) indicates, the relevant correlation, when as in this case the distinction is necessary, is the product moment correlation, in terms of which (14) and (16) Henceforth we assume that the loci determining the trait are loosely linked, so as to avoid any complications of linkage disequilibrium which may arise by random drift or selection. To be explicit, we assume that the population as a whole is in linkage equilibrium, although each kin group need not (and usually will not) be. Recall that the correlation in inequality (14) (and also (16)) involves selection and therefore differs from correlation computed according to pedigree. However, if we assume, as we do, that many loci contribute to the trait and that linkage equilibrium holds between these loci, then the selection acting on each locus should be weak and gene frequency change slow. Therefore the discrepancy should be small. Thus we have proved the approximate validity of (1) on an additive polygenic model. We note that the biologically interesting interpretation of r as the fraction of genes identical by descent that are shared by the interacting kin also requires the assumption of linkage equilibrium (see e.g., Crow and Kimura 1970, pp. 136-138) .
We now show that the mean inclusive fitness of the population is non-decreasing. The proposition is valid to the same order of approximation as (1). An individual with trait value C has by definition (Hamilton, 1964) the inclusive fitness regardless of the kin group to which it belongs. Thus the change in the mean inclusive fitness R per generation is 
Discussior
The crucial step in the intraclass correlation approach to the proof of (1) is equation (7). This step was possible because of the special form of benefit dispensation assumed (Hamilton, 1964) , in which the fitness is a linear function of the genotypic trait value (see equation (5)). Nevertheless, the algebraic machinery developed here can be successfully applied to more complicated models of benefit dispensation. In general, however, it is necessary to assume both approximate Hardy-Weinberg proportions and linkage equilibrium within each group in order to obtain a useful counterpart to (7) (Crow and Aoki, 1982) . Such assumptions are realistic if the group is a partially isolated random mating unit according to the usual population genetical connotation of a group (Wright, 1980 and earlier; Maynard Smith, 1976 ., "traditional group" of Wade 1978 , but are rarely applicable to a temporary association of kin. With the assumption of Hardy-Weinberg proportions, 2 is proportional to the additive genetic variance. With the assumption of linkage equilibrium, the additive genetic variance is equivalent to the genetic variance V5.
These considerations indicate that there are differences between a "group" and a "kin group", from the standpoint of population genetics as well as common sense biology, and that it is useful to keep the distinction clear. However, at least for the Hamilton model of benefit dispensation, the arguments leading up to (14) are equally applicable to group selection as to kin selection. In group selection, the genetic correlation is 2fo/(l +fo), or if equilibrium is achieved between island model type migration and random drift roughly 1/(1 + 2Me) where Me is the effective number of migrants per generation (Crow and Aoki, 1982 ; see also Hamilton, 1975) . Hamilton (1964 Hamilton ( , 1971 Hamilton ( , 1972 fully realized that (1) was an approximation, valid when gene frequency change per generation is slow. Since he based his arguments on a one-locus model, he had to assume weak selection.
Our polygenic formulation has the advantage that even when overall selection is strong, per locus selection will be weak. In this respect, a polygenic model has a double advantage over a monogenic model in that it is at once genetically more realistic and permits a wider range of selection intensities.
The practically most important example of a temporary kin group is a sibling group. In a random mating population r = . Another often encountered example is a half-sib group sharing a common mother. Let each half-sib group consist of h full-sib subgroups of equal size n. Then the genetic correlation in the half-sib group is n-i 1 (h-1)n 1 r= -+ .-.
( 21) hn-1 2 hn-1 4
We note that these two values of r will usually be much higher than 11(1 + 2Me) unless Me is small. This is possibly true even if we correct for the fact that migration usually occurs between adjacent colonies (Crow and Aoki, 1982) . Thus unless there are compensatory differences in b and c, kin selection is probably a more potent force than group selection.
